
 

8 Research directions in polytope theory

OVERVIEL beyond the Lecture

rigidity theory
a spectral polytope theory
symmetric polytopes

o inscribed polytopes combinatorics

Zonotopes hyperplane arrangements

Stanley Reisner rings Cohen Macauley complexes

polytope algebra
algebratoric varieties

lattice polytopes algorithms complexity
computational polytope theory
Simplex algorithm and the Hirsch conjecture
abstract polytopes
directed polytopes generalizations
complex quaternions polytopes
spherical hyperbolic polytopes

polyhedra unbounded polytopes
non convex polytopes
infinite dimensional polytopes
convex bodies



8.1 Lattice polytopes

Def a lattice polytope has all its vertices in 70
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jj The Pick's theorem 1899
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Ehrhart theory
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VOIE 4 VOIE 16 VOIE 36

voll n Pn22 In is a polynomial

The Ehrhart 1962

Given ad dimensional lattice polytope Then In Pn 79
is a polynomial in n of degree d

Pin Co ein can t cand

fest what do the coefficients c mean

Cd volume of P thisgeneralizesPick's theorem

d I surface volume for convexpolytopes

Co Euler characteristic I I

Reciprocity

LIP 1 1 d x interior lattice points of P

Ehrhart Macdonald reciprocity



Quest which polytopes are lattice polytopes for sucticiently

high dimensional Id
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Tim The regular n go for n 5 is not a lattice polytope

Def a lattice polytope is reflexive if its polar dual

is a lettice polytope as well
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The For each d EIN exist onlyfinitelymany
reflexive d polytopes

Other sub directions

Ot polytopes eg matroids enumeration

empty hollow lattice polytopes finitelymany 91

toric varieties



8.2 Zonotopes hyperplane

arransemftsDef a zonotop Z CIR

it is the projection of a cube

ii is the Minkowski sum of
Line segments

iii has onlycentrally symmetric
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iv hasonlycentrally

hexagon
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Examples
1 cubes in all dimensions

21 centrally symmetric polygons
3 prisms over the above

4 permutchedron
vertices permutations

of 1,2 dt 1

generators

Generating Zonotopes RC Rd finite

Z Zon R ER Ir

Minkowski sum

R T T T ZonCR FEI
if no d vectors in RC IR are linearly dependent
then Zen R is generic

o generic zonotopes are examples of cubical polytopes
all faces are comb cubes

OPEN classify the simple 3 zonotopes

Grünbaum Cuntz conjecture 3 families 90



Hyperplane arrangements

hyperplänentätengement zonotopes

set of vector

Ienerators

chambers ofhyperplanearrangement

EI the combinatorial type of a zonotope is independent
of the length of the generators

Question Given n generic hyperplanes in Rd
How many chambers do they create

how many vertices has a generic d zonotope
with n generators

So 2 FÜ EI



8 3 Rigidity theory of polytopes

Classical rigidity theory

deformed continuously with changing edge lengths

bar joint
frameworks

flexibleembedded

graphs

F Iffy
rigid

Tim Cauchy's rigidity theorem 1813 localrigidity
1 a 3 polytope with rigid 2 faces is itself rigid
2 two 3 polytopes with pair wise isometric

2 faces are isometric

3 Let g IP ICQ be a face lattice isomorphism
If q extends to an isometry on all TEE P

then y extends to an isometry on all of P

globar rigidity
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NOTEI
a byCauchy 1 skeleta of simplicial polytopes are rigid

not true when surface is non convex

Connelly's flexible polyhedra

Tim The 1 skeleton of every simplicial surface

convex or not that is not a sphere is

always rigid 2022

rigidity questions were surprisingly connected to

the Upper Bound Conjecture

OPI What if I only know the 2 skeleton the

shape of each 2 face



Ä

OPEN

given edge graph edge lengths is the

combinatorial type uniquely determined

given edge graph edge lengths distances

of vertices from origin is the polytope uniquely
determined

Yes if

i combinatorial type is known
ii polytope is centrally symmetric

The Stoker'sconjecture Wang Xie 2022

Given a combinatorial type and the dihedral angles

the face angles are uniquely determined

The Kalai's conjecture Novik Zheng 2022

The edge graph space of self Stresses determin

the polytope up to altine equivalence



8.4 Spectral polytopetheory
Adjacency matrix
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If edge lengths are I then

circumradius Z jeg
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Spectral realizations

P II Gp d Ala Yo ER1

second largest eigenvalue

spec Ala 27042
T I
z 01

eigenvectors to 02 0 1

f 1,11
ER

1 I I I ER

Press
Pz 1,1

13 1 1
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1 1 11 11 11

02 03

The Izmestier 2008

The 1 skeleton of a polytope is a spectral

embedding of its weighted edge graph
to the second largest eigenvalue Oz



8.5
Inseribedpolytope.DE

PC IRO is inscribed line sphere if there exists a

sphere ScRd that contains all vertices of P

T.EE

The Steinitz 1928

If G has an independent set of Size IVG 1

then a polytope with edge graph G cannot be

inscribed

stacked triangular
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The Rivin 1980

A combinatorial type F of e 3 polytope is inscribable

if there exists a function W F 0,5 so that

z

F is ease set of a facet

Erwies
2x

Fis edge set of any other
simple edge cycle

OPTI Is there a completely combinatorial description
of edge graphs of inscribed 3 polytopes



polytopes with a regular bipartite edge graph

are the boundary case of Steinitz theorem

if a Zonotope is inscribed then it is simple

OPEN Is the following list 17 inscribed 3 Zonotopes

complete
Manecke Sanyal



8.6 Symmetrie polytopes
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tetrahedron cube octahedron icosahedron dodecahedron

d 2 3 4 75

8 5 6 g

Schläft

Def The symmetrygroup of PC Rd is the group of

isometries or Rd that fix P set wise

Aut P isometry T I TP P

r

FÜ
s Aula Iris

ihm Every finite group is the symmetry group of a polytope



Def vertex transitive Aut P acts transitively on the
orbitpolytope

vertices of P

EI EI

Aut D Aut Z

The Babai 1978

Every finite group is the symmetry group of a vertex

transitive polytope except for
i abelian groups excluding Ii
ii generalizeddiegetic groups

The If Z Rd is a vertex transitive zonotope then

Z is a W permutahedron 2020

d 2 3 4 5 6 7 8 29

9 3 5 3 4 4435
combinatorial types



Def edge facet S face transitive analogously
Ex Pis vertex transitive Po is facet transitive

regular transitive on faces of all dimensions

d

5 6 3

Schläft 183 4 25

OPEI classify 8 face transitive polytopes for some

OE 1 d 2 vertex and facet transitive

is too wild for classification

OPEC Is the following table for the number of edge
transitive d polytopes correct

d 2 3 4 5 6 7 8 29

9 9 15 11 19 22 25 21 1



Tim There exists a coloring of the edge graphGp
so that Aut Gp Aut P 2021

Für D
EE Mü

OPEN 1 are edge colors sufficient if d 3

2 can one color with edge length and vertex origin distances



8 7 Stanley Reisner rings vertices of P

Def 1k Xp in polynomial ring in variables

over some field IK

face ideal or Stanley Reisner ideal

Ip Xin i I in in are got a face of P

face ring or Stanley Reisner ring

IK P KEY In
Ip

o Ik P is graded IK P KIP s

Tim The coarse Hilbert series satisfies

H IKA t Z dim klag t
820

Ign fin tile t
i

hothytjat
Historical note

The Upper Bound Conjecture was proven by using algebraic
techniques on this ring Cohen Macauleyproperty

Reisner's criterion



8.8 The polytopealgebra

Recall an algebra is a vector space with a multiplication
matrices matrix multiplication

Polynomials usual multiplication
Ägäis

R 3 cross product

Def polytope algebra of polytopes in Rd

Md R IP PCRdaPolytope Relations

Relations Minkowski addition

i P QI P Q

ii PUQI PQ PI Q

iii Ptt PI for all te Rd

One can define expand log for polytopes

exp CP I El PI NP

Log PI E Ei II

The polytope algebra is the universal translation invariant

valuation on polytopes

GLAUB G AnB GIA 4 B
eg volume surface area Euler characteristik mixed volumes


