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8§ 1 Kathce polytopes

a
Def: a lathce polytope has alf s vertices in Lz .
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v

v

Thm: (Picks theorem ) 1939
b

Qrea='z,+—2*—{{_



Ehrhart theory
o

E— vol‘_‘z #(nPnZZ) = (Zh)z ... lea polynomial

Tom: (Ebrhard) 1962
Given a of-ativmenmenal Lathice polytope. Tnew H(nPn Zd)

s @ Po(cdv)omfal in N of olegree .

L(Pn) = Co+Cn~+cnt+ - < C’dnd

Queshon: Whet do tne coetbcienie ¢; wmeau ?

© Cq = volume of P [(#his Genemlires Fick's theorem)
© Cy-( N Surface volume {or convex polytepes

®© ¢, = Euler chavocterrshe = 41

Recipeocily :

e L(P; "1) = ("1)0( X Int@riox (etice pointe of P
(Ehrhov% - Macdonelel chprocu'ltr)



Queskon: Wwhich polytopes are lathce polyteper (o sutficrently

h r@\n -elrvweovsyeval Z ol 7

/} 5
R

AN

_rﬁv_w_-' The reguler n-goo foc n2§5 (¢ net & lathce Polytope.

Def: a lethce Pa(tdi—ope e reflexive (€ ¢ pPelar cugl

1 o loehice Paltj{-o]pe as well .

_l:th_: for each al€ N ex)6) OV\(:{ {l‘m}dy manj
reflex.ve cl-polytopes.

Other cfubdirechoms :

= O4-polytopes  (eg. matreids | enumeration, .. )
= emphy & Wollow Lathte polytopes (\C\'n&elj many l‘ql)

— {oce vavieties



3.2. Z'Ono{-Opeg & hgpe-rplane Gvreoige menvts

Del: q Ionotop ECfEd
(7)) 1s the projection ot & cube .

(ii) 12 tne Mivkoweks sum of
line segments

[l'l'f\ Wer only cenivelly Symmedric
{ecer. y v

(iv) hag ownly centrell
Syvnwm tric 2-Edcec .

hexagon

Minkowski sume: P+Q:= % P+tQ [ pe P, q€ Q}




Examplés :

1) Cubeg [fn all olimenfiand )

—_—
—

2) cemrcug sgmmeh.‘c Polgsan@

3) peisme ovev the cbove ) jp — —K
&) permutehedron
vertices = permu/reh‘an.(’
ot (42,...,d+1) <>

\?40’

\

d
Generahng zonotepes RC R Cinvte

2’= Zon (R) := Z COV)'\J%:':(}

rerR
\ Minkowsk: Suw

® £ no cl vecrore in RC IE‘K are emeevltf clepemolent
them 2Zonm (R) is generic.
® genesic 3ovotopes are exawples of cubicel pPolytepes

‘= eall facer are cowmbd. cubeg

OPEN:  cleserty #ue Simple 3- 2onctopes

( Gronboom - Cuntr comjeckure : 3 families + 90 )



Hyperplone arrangements

entral
hyperplane arrangemeni 2onotepes

novmel %enev‘al—ov‘j
vectovs

Set+ o€ vecatovre

\ / Hvecteas of g2onotepe

4 =
X # chambers o hyper -

/ \ plene arrongevnen i

Ex: the combrnatonal {-,Hpe of a ovictepe I* indepenaent

of the lengtn of the 3ememton.¢,

QU.Q.S‘h’an: grven n (gener:c) \nﬂpevp\owo: %) lPd,

How VYlOVlj chawmbers do llaeg creatke 2

<= lhow many veriices has ¢ genenc - 2onetepe

witv " 3enem4c>re K



8. 3. P(qrdﬂq theory of polytopes
- =4 J ‘ U

Clagsycel €igralvly theovy :
e J
o 8u'ven v embeddea 3mph [ can i+ be

deformect canh'nuooclj wrin chonging eolge Levug-}ln.r?

S AT

Thm (C’auche'& Ngv‘ot:‘lg #hearem)
4) a 3‘P013‘°P€ wih igral 2-facae (e teellt rigio!

2) two 3-polytopesr wrh pair-wite wometric

2-faces are sometnc.
3) et : F(PY — FCQ) be a foce lethice teomovphiem .
€ @ extendls 1o an icometsy on oll TE€F(P),

then @ Cxlenadse +o ev ifo mel—r\cf on cll of P.



conve x\‘+3 (e Crucia|

NOTES *

e b}j Cavchy: 4-Skeleta of cimpheial polyropes are rigict

° not true when curfece is non- convex
— COne,lla'p {lexyble polyhedra

e [hw: The A-ckeleton of every gimpliciol surface
convex ox vot |, thet ir vl a gpuere | ic
qlwog.s’ cogiet.

o rfss’d\‘fj qu.e.of»‘arn.r‘ were curprisingly covnecteot to

ve Upper Bovnal Caru‘@ci-ure.

OPEN:  Whal if | only knew fhe 2- skeleton + the
Shape of each 2-face &



OPEW:
© given edge-greph + eotge-lengtis , is jhe
combinotovial type uniquely aetermined ?

O given edge-graph -+ eage -lengtc « distances
of verhces from ovigin (€ Jue polytope uuniguely
oletermivieat
— Yes if

(i) combrnatonal tgpe '® knowv,

) polytope is centrally Symwmetri

The: ( Stokess comjecture , Wang & Xie )
Given a Combinatotial type ond he dihedral angles

the €ace avgles ore umiguely deternineo .

Tham: ( Kelais conjecture , Movik & Zheng )
‘The edge-gvaph + Space ot Self - Slregses detesrmin

the polytope vp fo abthne egu-Valcwce.



A Spectaal polytope 'l:VlQO\:lj

Adjasency maltix
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’ tl1 0 14 o

?=/é’ A(@P)—goioi
! : &'1010_}

A 2 3

4x4

€ R

J A
(| -
2 2
Ky
173" ¢




{-5/-2,0/1, %, 3" f
/\ elz(\;—

_4
202 ) ‘2
d63 (qPJ

o |{ edge-(engthe are 1 , thew

circumradliue = ( -
circumeevt ey

Wz

N—— N\~ circum-

Circle

circunmnvaelsus




Sped-ro.\ realizatonyg :

=S o

Spec(A(Ge)) = {-2,0,2" f
1
0,

egenvectocs to O.=0: (1,-4,1,1) eER”
(4,4,-171) €R"

— ~— S
14 4 ¢ P'I-(i'd)
© ® [@ 1)-1-1 ] e = (+4,1)
Ps = (‘1:'1)
, Py =(41,-1)
®

° A

Tam:  (lzmeshev)

Tne 4- gkeleton of G polytope (S a spectral
embeoaating of e (weighteot) eodlge—grapy
to the Secovot-largesr egenvalue O, .

4x¢



8.5. Insccrbect polytopes

Det: Pc ﬂ?d i© inscribed (ina spnere) i€ Jhere exicke a

Sphere Sc ne"‘ Jhat contaivis oll vertices of P.

N—

Thm: (Steinitz)

1928

I€ 4, has an independlent ret of Size > 3 V(g)| ,

ihen a polytope wrth edge-grapn § cannot be

ingeev'beot .

(Slacked ) t(l'angular
b.'pym wiol

g6 = ((



—_—

Inm - ('vau'n>
A combineternal +5pe F of e 3-polytope s inserbgele
i€ tneve exivkr a {unchew W: J'_,',—> (O,UT) o et

= 27T T is edge Set of a (ucet
2. wee)

cer > 2T F 1s colge sef ot any otnev
Eimple eage cycle

——

OPEN: I8 lhere @ comple l-e(j cobinatariol degeviplion

OF edge -grapne of Jjnseribed 3—-polylopes ?



© polylopes with a regular bipaviite eoge—gropn
are the bomdavy cofe of Stevnitz’ theorem.

0 i{ a onotope 0 ingeribed , jnen oF i Lrmple

OPEN: Is the {ollowong lick |7 inscribeol 3- 2Zondteper

complete

[Mcmeclae & Sonﬂqu

A3 (7.1) (8.1)

(17.2) (17.4) (19, 1) (19,3) (31.1)



8.6. Symmetric pelytopes

ARDBGE

tetrahedon cube octeheelren

icosanedron dodecahneotron

d| 2 3 &t =5

# |0 5 6 3

Del -~ Tne SSmmekrg group of Pc ﬂ?d £ Jhe groop of

Icometrsep of ﬂéa Ihet €ix P sot-wire

Aut(P):= ?rsovnehj T | TP=VP f

‘TO°/-? ‘_.,:_>

v
)
)
'
)
'
I
\

S Aui(D)=<rs Y

M: Everg {im‘-l-e group is the ngmeﬂj gfoop ot Q@ poltf(-ope.



Del: vectex -tronsshve = Aul(P) acie +ronr.’)—ivelj on tue

(70> polyiope ) verheces of P

v v
[7%:‘ 707071, @

~ 772
put D, PU4SZL,

Tom : (Babai) ~ (979

Cvery &inite gvoup is twe Symwnekry group of & vertex -
Yronevhve polytope except (ox

(:) abelian gvovpr excluding Z; :

(i7) genervalired olicyelic grovpe .

———

o
hon: B Z€ IR is a vertex—tcanerdive zonotepe , thev

—

2 e W'Pew‘mu-l:qheo(ron. 2020

cl 2 3 ¢ 5§ €6 %+ 8 29

# |0 3 5 3 ¢ ¢ ¢ 3

( combingtorial {;jpes)



Del: edge / facer | 5-face - transshve = cnalogouvsly

Ex: Pis vertex-trancitive <+ P°ic facet Hensitive

reguler = treasikve on {aces of cll i mevsions

d| 2 3 & =5 (Schiatli | 1822)

OPEN : clasm‘(\cj O-feuee-IransyHve polytopes Cor Some
X 54, ,d-Z F (Verlex- aviol Lecet- Froneirhive

€ teo wild (o clogerércation )

OFPEV: ¢ tne (ollowing table Cox twe numver of eodlge-

teaveihve ol- polytopes cotrect ?

d| 2 3 ¢ 5§ 6 F 8 29

# |0 9 15 M 19 22 5 2+l




Inm: “There exicle a coloting of the edge-grapn Gp
So that Aut(Gp) = Aut(P) 202

BENE
| ] [ ]
T <@z

OPE)N : 1) are edge colore suéficient 1€ ol 23 e

2) Cov one color with edge-(ength anol vervtex—-ovgin distances 2



8.F. Stanley- Reiwnec rings H#vertites o€ P

Def: o |k [X,,,...,x,,,] ... Polynomiol fing in n varables
over tome field K

® {ace ideal or S’ranles-‘l?e(&'nev iclealL

IP = (XL,‘---X;‘_ l {('.4,...,1}} are not o face of 'P>
o face ring or S-lanleg-?e-:ﬂ)ev ring

k[P] == k[x, x'"]/I
P

o I[Pl is grodtect : IK[P]= ?Ik[?]s

Thm: Tne (coarse) Hilbect Sesies serstes

Hlks),t) = 2, oim(K(r15)

520
= e t) Zf,_ L1-e)""

hoth,t + -« hgt®
(4-+)*

Histocical wnote :

The Upper Boundl Cod'ecture wor proven by using algebraic

technigues on thie €ing  ((phen - Uacavley property
+ Redmer’s critenon )



8.8 Tne polytope algebra

Recall : an algebrg IS a vector Space wi a multiplicahon

— matrices + matrix muli-fph‘cob'on afoecietve
a(se dbras

- Polfjnomrals + usual muu-uplccab'om

- R3 + crese psoduct
Def: POlljl'Ope clgebra (ot Polgmpes in )Pd)

Mo = R PR potgeope > /o

Relations : { Minktowek: adal ' hemn

G [Pl-[a]l= [P+a]
@) [PuQT+[PoQ] = [PI+[Q]
(iii) [P+t] = [P] foren teRY

One can cle€ine €xp onel (og €oc polytopes:

exp(LP1) = 2 o [P1"= [nP]

log(++ 1) = 35 e+ 1

nzt

The polytope algebra is the universal traneletion-rnvariant

valugtiem on polytopes .

\ @ (AvB)* G(ANB) = (A *@(B)

€.9. volume, Surface area | Luler choracterish’k | mixeel valumes ...



